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Although the Weyl model with an unbounded linear energy spectrum appropriately describes low-energy
electron states in a Weyl semimetal, it cannot capture the anomalous electromagnetic response of the chiral
magnetic effect (CME) and anomalous Hall effect (AHE) in a straightforward manner. Here, we propose a
regularized continuum model by modifying the Weyl model and show that it properly describes the CME
and AHE in a unified manner. It turns out that the absence of the CME at equilibrium is guaranteed by a
basic nature of the Berry curvature. We also show that the original Weyl model can properly describe the
CME if an energy cutoff procedure is appropriately applied, although it fails to describe the AHE in its
present form.
1. Introduction
A Weyl semimetal is a three-dimensional gapless sys-
tem possessing a pair of, or pairs of, nondegenerate Dirac
cones with opposite chirality.1–11) Each Dirac cone is ba-
sically described by the Weyl model with an unbounded
linear energy spectrum, and its band touching point
is called the Weyl node. The + (−) chirality of Weyl
nodes corresponds to the monopole (antimonopole) of
the Berry curvature with unit strength. This topological
character gives rise to the unusual electromagnetic re-
sponse of the anomalous Hall effect (AHE)5) and chiral
magnetic effect (CME).12, 13) The AHE designates the
phenomenon that a Hall effect is induced in the absence
of an external magnetic field. The CME represents the
anomalous induction of a charge current in response to
an external magnetic field.12–25) Our attention is focused
on the CME in the presence of only an external magnetic
field. To date, some materials have been experimentally
identified as Weyl semimetals.26–33)
We hereafter focus on a Weyl semimetal with a pair of
Weyl nodes with opposite chiralities assuming that the +
and − nodes are respectively located at (k, E) = (kR, b0)
and (kL,−b0) in reciprocal and energy space, where
kR = (0, 0, k0) and kL = (0, 0,−k0). The AHE is simply
caused by the chiral surface states,3) which appear on
a surface to connect the Weyl nodes in the correspond-
ing surface Brillouin zone. They cannot appear on the
xy plane as the Weyl nodes are projected onto the iden-
tical point of (kx, ky) = (0, 0) in the surface Brillouin
zone. That is, they typically appear on the xz and yz
planes. In the presence of an external electric field in the
x- or y-direction, the anomalous Hall response appears in
the direction perpendicular to the external field as long
as k0 6= 0. Contrastingly, the behavior of the CME has
been a point of controversy. An early study13) based on
the Weyl model predicted that a finite charge current due
to the CME appears even at equilibrium in response to
a static magnetic field if b0 6= 0. Several authors
19, 20, 23)
have examined this result by using a lattice model and
concluded that the CME current vanishes under a static
magnetic field at equilibrium but can appear in nonequi-
librium situations with a time-dependent magnetic field.
The appearance of the CME at equilibrium should be
regarded as an artifact arising from pathological features
of the Weyl model or their inappropriate regularization.
Related to this, it is worth noting that if we analyze the
CME by using the Weyl model with a linear response the-
ory,24) we erroneously find that a finite charge current ap-
pears even at equilibrium [see Eq. (49)]. A difficulty also
arises if the Weyl model is applied to analyze the AHE.
Indeed, the Weyl model itself cannot describe the chiral
surface states, which are the very origin of the AHE. As
the Weyl model appropriately describes low-energy elec-
tron states near the Weyl nodes, it is natural to consider
that its oversimplified energy spectrum is responsible for
the difficulties mentioned above. However, this consider-
ation has not been examined in a direct manner.
In this paper, we propose a regularized continuum
model for the Weyl semimetal by modifying the Weyl
model. Although the spectrum of this continuum model
is also unbounded, it properly describes the AHE and
CME in a unified manner without relying on a regular-
ization procedure. From the analysis based on the con-
cept of the Berry curvature, we show that the absence
of the CME at equilibrium is guaranteed by a basic na-
ture of the Berry curvature. We also show that the orig-
inal Weyl model can properly describe the CME if an
energy cutoff is applied in a careful manner, although
it fails to describe the AHE in its present form. In the
next section, we present the regularized continuummodel
with an unbounded spectrum and derive expressions for
the Hall conductivity, σAHE, and the coefficient for the
CME, αCME. In Sect. 3, we analytically calculate σAHE
and αCME with the regularized continuum model and
show that the results are consistent with those of a lat-
tice model. That is, the regularized continuum model
properly describes the AHE and CME. The difficulty of
the original Weyl model in capturing the AHE is clarified
in the process of this calculation. In Sect. 4, we show that
the CME can be properly described by the Weyl model
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under an energy cutoff. The last section is devoted to a
summary. We set ~ = kB = 1 throughout this paper.
2. Model and Formulation
Hereafter, the energy valley associated with the + node
at (k, E) = (kR, b0) is referred to as the right valley, while
that associated with the − node at (kL,−b0) is referred
to as the left valley. We use ζ to specify the right and
left valleys: ζ = R for the right valley and ζ = L for
the left valley. Let us introduce the Weyl model, which
is composed of the Weyl Hamiltonians H0R and H
0
L for
the right and left valleys:
H0R = v [σxkx + σyky + σz(kz − k0)] + b0 − µ, (1)
H0L = v [−σxkx − σyky + σz(−kz − k0)]− b0 − µ, (2)
where v and µ respectively denote the velocity and chem-
ical potential, and σa with a = x, y, z are the Pauli ma-
trices.
Let us introduce a regularized continuum model by
modifying the Weyl model. We respectively replace
σzv(kz − k0) in H
0
R and σzv(−kz − k0) in H
0
L with
σz∆R(kz) and σz∆L(kz), and b0 in H
0
R and −b0 in H
0
L
with ΓR(kz) and ΓL(kz) (see Fig. 1). In addition, we in-
clude σzΛ(kx, ky) in H
0
R and −σzΛ(kx, ky) in H
0
L with
Λ(kx, ky) = B(k
2
x + k
2
y), (3)
where B is positive and very small. The mass terms with
σzΛ not only ensure the convergence of integration over
kx and ky but also determine the appearance of chiral
surface states. For the convergence of integration over
kz, we restrict kz within the interval of [−kM , kM ]. Con-
sequently, the Hamiltonians are rewritten as
HR = v (σxkx + σyky) + σz [∆R(kz) + Λ(kx, ky)]
+ ΓR(kz)− µ, (4)
HL = −v (σxkx + σyky) + σz [∆L(kz)− Λ(kx, ky)]
+ ΓL(kz)− µ, (5)
which compose the regularized continuum model. We as-
sume that ∆R(kz) [∆L(kz)] is a monotonically increasing
(decreasing) function of kz satisfying ∆R(kz) ≈ v(kz−k0)
for kz ∈ (k0 − kW , k0 + kW ), ∆L(kz) ≈ v(−kz − k0) for
kz ∈ (−k0 − kW ,−k0 + kW ), and
∆R(kM ) = ∆L(−kM ) ≡ ∆p, (6)
∆L(kM ) = ∆R(−kM ) ≡ −∆n (7)
with ∆p, ∆n > 0. We also assume that Γζ(kz) satisfies
ΓR(kz) ≈ b0 for kz ∈ (k0 − kW , k0 + kW ), ΓL(kz) ≈ −b0
for kz ∈ (−k0 − kW ,−k0 + kW ), and
ΓR(±kM ) = ΓL(±kM ) = 0. (8)
The simplest choice of ∆ζ is ∆R = v(kz − k0) and ∆L =
v(−kz−k0), the same as those in the originalWeyl model,
leading to ∆p = v(kM − k0) and ∆n = v(kM + k0). We
observe in Sect. 3 that the anomalous electromagnetic
response does not depend on explicit functional forms of
∆ζ(kz) and Γζ(kz), indicating that it is governed by the
topological character of a Weyl semimetal.
A comment on the mass terms with σzΛ is in order.
Fig. 1. kz dependences of ∆R(kz), ∆L(kz), ΓR(kz), and ΓL(kz).
They ensure the appearance of chiral surface states34, 35)
as well as the convergence of integration over kx and ky.
Indeed, if B in Λ is set equal to zero, Hζ can support no
chiral surface states. The sign of B determines in what
region of kz the chiral surface states appear when the sys-
tem of a Weyl semimetal has a surface not perpendicular
to the z-axis. With these terms in Eqs. (4) and (5), HR
supports the chiral surface states with + chirality in the
region of −kM < kz < k0, while HL supports those with
− chirality in the region of −kM < kz < −k0. Hence,
the chiral surface states with both + and − chiralities
are present when −kM < kz < −k0, indicating that this
region is topologically trivial. Thus, we observe that only
the region of −k0 < kz < k0 is topologically nontrivial.
The AHE should be induced by the electron states in this
region. Note that the region of −k0 < kz < k0 remains
topologically nontrivial even if the sign of the mass terms
is reversed. However, after the sign reversal,HR supports
the chiral surface states with − chirality in the region of
k0 < kz < kM , while HL supports those with + chirality
in the region of −k0 < kz < kM .
We introduce the Berry curvature, which plays an es-
sential role in describing the AHE and CME, and then
derive expressions for the Hall conductivity and the co-
efficient of the CME in terms of the Berry curvature. Let
us define dζ(k) as
dR(k) =
(
vkx, vky,∆R(kz) + Λ(kx, ky)
)
, (9)
dL(k) =
(
−vkx,−vky,∆L(kz)− Λ(kx, ky)
)
. (10)
We also define dζ(k) = |dζ(k)| and
dˆζ(k) =
dζ(k)
dζ(k)
. (11)
The Berry curvatures, Ωaζ (k) with a = x, y, z, are defined
as
Ωxζ (k) = −
1
2d3ζ
dζ ·
(
∂dζ
∂kz
×
∂dζ
∂ky
)
, (12)
Ωyζ(k) = −
1
2d3ζ
dζ ·
(
∂dζ
∂kx
×
∂dζ
∂kz
)
, (13)
Ωzζ(k) = −
1
2d3ζ
dζ ·
(
∂dζ
∂ky
×
∂dζ
∂kx
)
. (14)
In each valley, the energy of the state with k measured
from µ is expressed as
Eηζ (k) = Γζ(kz)− µ+ ηdζ(k), (15)
where η = + for the conduction band and η = − for the
valence band (see Fig. 2).
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Fig. 2. Energy dispersion as a function of kz for (kx, ky) = (0, 0),
where η = + and − respectively represent the conduction and
valence bands.
The charge current ja is decomposed as
ja = jaR + j
a
L, (16)
where jaR and j
a
L respectively represent the contributions
from the right and left valleys:
jaζ = −e
∂ (Γζ + σ · dζ)
∂ka
. (17)
Within a linear response theory, the average current in-
duced by a vector potential A = (Ax, Ay, Az) is ex-
pressed as
〈jaζ 〉 = −Π
ab
ζ (q, ω)Ab(q, ω). (18)
The response function Πabζ can be obtained by using the
analytic continuation of iν → ω+ iδ from its Matsubara
representation,
Πabζ (q, iν) = e
2
∫
d3k
(2π)3
1
β
∑
ǫ
Tr
{
∂ (Γζ + σ · dζ)
∂ka
×Gζ(k + q, iǫ+ iν)
∂ (Γζ + σ · dζ)
∂kb
Gζ(k, iǫ)
}
, (19)
where β is the inverse of temperature T . Here, the ther-
mal Green’s function is given by
Gζ(k, iǫ) =
∑
η=±
1
2
(
1 + ησ · dˆζ
) 1
iǫ− Eηζ
. (20)
The following derivation of the transport coefficients
basically relies on the approach of Chang and Yang.23)
Let us consider the AHE. We derive an expression for
Πyxζ , which determines the Hall current 〈j
y〉 in the y-
direction induced by an electric field E = (Ex, 0, 0),
where we assume that E(q, ω) = iωA(q, ω) with A =
(Ax, 0, 0). The Hall current is expressed as 〈j
y〉 =
σAHEEx with σ
AHE being the Hall conductivity. In the
uniform limit of q = 0, the Hall conductivity is given by
σAHE(ω) = −
1
iω
Πyx(0, iν)
∣∣
iν→ω+iδ
(21)
with Πyx ≡ ΠyxR + Π
yx
L . Performing the trace and the
Matsubara summation, we find
Πyxζ (0, iν) = e
2
∫
d3k
(2π)3
Ωzζ
×
−4νd2ζ
4d2ζ + ν
2
(
fFD(E
+
ζ )− fFD(E
−
ζ )
)
, (22)
where fFD denotes the Fermi–Dirac function
fFD(E) =
1
eβE + 1
. (23)
Concerning the AHE, we hereafter focus on the simplest
case where Γζ = 0 (i.e., b0 = 0) and µ is located at the
Weyl nodes (i.e., µ = 0). Then, we find from Eq. (22)
that σAHE in the static limit of ω → 0 is expressed as
σAHEstat = e
2
∫
d3k
(2π)3
∑
ζ=R,L
Ωzζ(k). (24)
Let us turn to the CME. We derive an expression for
Πzyζ , which determines the CME current 〈j
z〉 in the z-
direction induced by a magnetic field B = (0, 0, Bz),
where B(q, ω) = iq ×A(q, ω) with A = (0, Ay, 0) and
q = (q, 0, 0). The CME current is expressed as 〈jz〉 =
αCMEBz , where
αCME(q, ω) = −
1
iq
Πzy(q, iν)
∣∣
iν→ω+iδ
(25)
with Πzy ≡ ΠzyR + Π
zy
L . Substituting Eq. (20) into
Eq. (19), we observe that each term of the resulting ex-
pression for Πzyζ contains η = ± in Gζ(k, iǫ) and η
′ = ±
in Gζ(k + q, iǫ+ iν). We separately treat the intraband
contribution Πzyintra arising from the terms with η = η
′
and the interband contribution Πzyinter arising from the
terms with η 6= η′. After a lengthy calculation, the intra-
band contribution for a small q is expressed as
Πzyintra(q, iν) = e
2
∫
d3k
(2π)3
∑
ζ=R,L
∑
η=±
(iq)dζ
×
(
Ωyζ
∂Eηζ
∂ky
+Ωzζ
∂Eηζ
∂kz
)
∂fFD(E
η
ζ )
∂Eηζ
−q
∂E
η
ζ
∂kx
iν − q
∂E
η
ζ
∂kx
. (26)
The interband contribution for a small q is expressed as
Πzyinter(q, iν) = e
2
∫
d3k
(2π)3
∑
ζ=R,L
∑
η=±
(iq)
×
[
−dζ
{
η
(
Ωyζ
∂dζ
∂ky
+Ωzζ
∂dζ
∂kz
)
+Ωzζ
∂Γζ
∂kz
}
Υ
− 2ηd2ζΩ
x
ζ
∂E−ηζ
∂kx
∂Υ
∂E−ηζ
]
, (27)
where
Υ =
fFD(E
η
ζ )− fFD(E
−η
ζ )
iν + Eηζ − E
−η
ζ
. (28)
In the static limit of ω → 0 before q → 0, the coeffi-
cient of the CME is given by adding the intraband and
interband contributions as
αCMEstat = e
2
∫
d3k
(2π)3
∑
ζ=R,L
∑
η=±
×
[
−dζΩζ · ∇kE
η
ζ
∂fFD(E
η
ζ )
∂Eηζ
+ ηΩzζ
∂Γζ
∂kz
fFD(E
η
ζ )
]
. (29)
Performing the partial integration over k using∇k ·ΩR =
3
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2πδ(k− kR) and ∇k ·ΩL = −2πδ(k− kL), we arrive at
αCMEstat = e
2
∑
ζ=R,L
∑
η=±
∫
d3k
(2π)3
ηΩζ ·
(
∇kE
η
ζ
)
fFD(E
η
ζ ).
(30)
In deriving Eq. (30), we ignore the surface term given by
cS = lim
kr→∞
−e2
(2π)3
∫
S
dSk
∑
ζ=R,L
∑
η=±
n · dζΩζfFD(E
η
ζ ),
(31)
where S represents the cylindrical surface of height 2kM
and radius kr, and n is the outward unit vector normal to
this surface. In the regularized continuum model, we can
show that cS = 0 for an arbitrary µ under the conditions
of ∆R(±kM ) = ∆L(∓kM ) and ΓR(±kM ) = ΓL(∓kM ),
where ±σzΛ plays the role of a convergence factor. How-
ever, cS does not vanish in the original Weyl model;
hence, caution is necessary in applying Eq. (30) to the
Weyl model. We argue this in Sect. 4.
Let us finally consider the weakly nonequilibrium sit-
uation with an external magnetic field that is spatially
uniform and slowly oscillating in the time domain. The
response for it is characterized by αCMEneq defined in the
limit of q → 0 before ω → 0. The intraband contribution
vanishes in this limit and then αCMEneq is expressed as
αCMEneq = e
2
∫
d3k
(2π)3
∑
ζ=R,L
∑
η=±
×
[
−dζΩ
x
ζ
∂Eηζ
∂kx
∂fFD(E
η
ζ )
∂Eηζ
+ ηΩzζ
∂Γζ
∂kz
fFD(E
η
ζ )
]
. (32)
3. Anomalous Electromagnetic Response
In this section, we show that the regularized continuum
model properly describes the AHE and CME in a unified
manner. For simplicity, we restrict our consideration to
zero temperature, at which fFD(E) = θ(−E) with θ(x)
being the Heaviside step function.
3.1 Anomalous Hall effect
We start with the expression for the Hall conductivity,
Eq. (24), in the static limit under the assumption of Γζ =
0 and µ = 0. Let us consider Φζ(kz) defined by
Φζ(kz) =
1
2π
∫ ∞
−∞
dkx
∫ ∞
−∞
dky Ω
z
ζ(k), (33)
in terms of which σAHEstat is expressed as
σAHEstat =
e2
(2π)2
∫ kM
−kM
dkz
∑
ζ=R,L
Φζ(kz). (34)
From the definition of Ωzζ , we observe that Φζ(kz) rep-
resents a winding number that counts how many times
dˆζ , defined in Eq. (11), wraps the unit sphere when
(kx, ky) moves all over the two-dimensional space. Note
that
∑
ζ=R,L Φζ(kz) plays the role of the Chern number
at a given kz. The z component of the Berry curvature
is expressed as
ΩzR(k) =
v2
2d3R
[∆R(kz)− Λ(kx, ky)] , (35)
ΩzL(k) =
v2
2d3L
[∆L(kz) + Λ(kx, ky)] . (36)
Performing the integration over kx and ky in terms of
k⊥ =
√
k2x + k
2
y, we easily find that
ΦR(kz) =
− [∆R(kz) + Λ(k⊥)]
2
√
v2k2
⊥
+ [∆R(kz) + Λ(k⊥)]
2
∣∣∣∣∣∣
k⊥=∞
k⊥=0
=
1
2
(
−1 + sign{∆R(kz)}
)
, (37)
ΦL(kz) =
− [∆L(kz)− Λ(k⊥)]
2
√
v2k2
⊥
+ [∆L(kz)− Λ(k⊥)]
2
∣∣∣∣∣∣
k⊥=∞
k⊥=0
.
=
1
2
(
1 + sign{∆L(kz)}
)
. (38)
Note that Φζ(kz) takes an integer owing to the presence
of Λ. We observe that
∑
ζ=R,L Φζ(kz) = −1 in the region
of −k0 < kz < k0 and vanishes otherwise. We finally find
that
σAHEstat = −
e2
2π2
k0, (39)
which is equivalent to the result reported previously.5)
Although Eq. (39) is not changed if Λ is set equal to
zero,36) the presence of Λ is essential in describing the
AHE since the model with Λ = 0 cannot support the
chiral surface states. Generally speaking, a continuum
model can describe the AHE including the chiral surface
states only when Φζ(kz) takes an integer value in each
valley and
∑
ζ=R,LΦζ(kz) is identified with the Chern
number. If the sign of the mass terms with σzΛ is reversed
in Hζ , the final result is not affected, although Φζ(kz) is
changed. This is consistent with the argument in Sect. 2.
3.2 Chiral magnetic effect in the static limit
We turn to the CME at equilibrium, which is charac-
terized by the coefficient of the CME in the static limit,
αCMEstat , given by Eq. (30). Since the CME does not appear
at equilibrium,19, 23) αCMEstat must vanish for the proper de-
scription of the CME. We show that αCMEstat = 0 within
the framework of the regularized continuummodel. To do
so, it is insightful to consider the contribution to αCMEstat
arising from the energy interval of (E,E +∆E). This is
expressed as
∆αCMEstat =
∂αCMEstat
∂E
∆E, (40)
where
∂αCMEstat
∂E
= e2
∫
d3k
(2π)3
∑
ζ=R,L
∑
η=±
× ηΩζ · ∇kE
η
ζ
∂fFD(E
η
ζ )
∂µ
∣∣∣∣∣
µ=E
. (41)
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Using ∂fFD/∂µ = −∂fFD/∂E
η
ζ and Gauss’s theorem, we
find that
∂αCMEstat
∂E
= −
e2
(2π)3
Ξ(E) (42)
with
Ξ = lim
kr→∞
∫
S
dS
∑
ζ=R,L
∑
η=±
ηn ·ΩζfFD(E
η
ζ )
∣∣∣
µ=E
, (43)
where S represents the cylindrical surface of height 2kM
and radius kr. Note that Ξ inevitably vanishes in a lat-
tice model owing to the periodicity in the first Brillouin
zone,37) indicating that the absence of the CME at equi-
librium is guaranteed by the conservation of the Berry
curvature in reciprocal space. In our continuum model,
the integration over the side surface of area 2πkr × 2kM
vanishes in the limit of kr → ∞; thus, Ξ = 0 is justified
if the contributions from the top and bottom surfaces at
kz = ±kM are cancelled out. This is ensured when the
two valleys are connected with each other through the
virtual boundaries at kz = ±kM under the conditions
of ∆R(±kM ) = ∆L(∓kM ) and ΓR(±kM ) = ΓR(∓kM ).
That is, the edge of the right valley at kz = kM (−kM )
is connected to that of the left valley at kz = −kM (kM ).
We can show that ±σzΛ plays no role in the integration
over the top and bottom surfaces. Hence,
∂αCMEstat
∂E
= 0 (44)
at an arbitrary E under the assumption of Eqs. (6)–(8).
Note that the requirement on ∆ζ(±kM ) and Γζ(±kM )
is necessary to justify Ξ(E) = 0 only in the case of E be-
ing located far away from the Weyl nodes as E < −∆M
or ∆M < E, where ∆M = min{∆p,∆n}, and hence
the conical structure of each valley is broken in the kz-
direction (see Fig. 2). Indeed, in the case of −∆M <
E < ∆M , where the conical structure is preserved, we
can show that Ξ = 0 without the requirement. In this
case, we can reduce Eq. (43) to38)
Ξ = lim
kr→∞
∫
S
dS
∑
ζ=R,L
(−n) ·Ωζ (45)
by setting fFD(E
+
ζ ) = 0 and fFD(E
−
ζ ) = 1, and im-
mediately conclude Ξ = 0 by noting that ∇k · ΩR =
2πδ(k − kR) and ∇k · ΩL = −2πδ(k − kL). That is,
Ξ = 0 is guaranteed by the topological character of the
Berry curvature.
Equation (44) strongly indicates the vanishing of
αCMEstat . However, since the spectrum of our continuum
model is unbounded, we explicitly show that αCMEstat = 0
by using Eq. (30) for safety. We restrict our argument to
the case of µ < −∆M . Once α
CME
stat = 0 is verified for a
particular µ, we can generalize the result to an arbitrary
µ using Eq. (44). Substituting the explicit expression for
Ωζ into Eq. (30), we find that
αCMEstat =
e2
(2π)3
∫ kM
−kM
dkz
∫ ∞
0
dk⊥2πk⊥
×
[(
v2
2d2R
∂∆R
∂kz
−
v2(∆R − Λ)
2d3R
∂ΓR
∂kz
)
fFD(E
−
R )
+
(
v2
2d2L
∂∆L
∂kz
−
v2(∆L + Λ)
2d3L
∂ΓL
∂kz
)
fFD(E
−
L )
]
, (46)
where fFD(E
+
ζ ) = 0 is used. Performing the integra-
tions over k⊥ and then over kz in an explicit man-
ner, we can analytically show that αCMEstat vanishes un-
der the conditions of ∆R(±kM ) = ∆L(∓kM ) and
ΓR(±kM ) = ΓL(∓kM ). Explicit functional forms of
∆ζ(kz) and Γζ(kz) are not necessary to derive this re-
sult.
To summarize, αCMEstat = 0 reflects a conservation law
for the Berry curvature that inevitably holds in a lattice
model. In the region of −∆M < E < ∆M , the vanish-
ing of Ξ(E) is guaranteed by the topological character
of the Berry curvature, indicating that the conservation
law automatically holds when the conical structure is
well defined in each valley. The additional condition on
∆ζ(±kM ) and Γζ(±kM ) is required outside this region
far away from the Weyl nodes, where the conical struc-
ture is broken in the kz-direction. In such a region, the
Berry curvature should be conserved between the right
and left valleys to ensure Ξ(E) = 0 through the virtual
boundaries at kz = ±kM . For the CME, ±σzΛ merely
plays the role of a convergence factor.
Note that the Berry curvature is completely conserved
in the Weyl model as its conical structure is preserved at
an arbitrary energy. This suggests that the Weyl model
can properly describe the CME if the unbounded energy
spectrum is regularized in a certain manner. This possi-
bility is examined in Sect. 4.
3.3 Chiral magnetic effect at nonequilibrium
We calculate the coefficient of the CME in the
low-frequency limit, αCMEneq , by using Eq. (32). Noting
αCMEstat = 0 and using Eq. (29), we rewrite α
CME
neq as
αCMEneq = e
2
∫
d3k
(2π)3
∑
ζ=R,L
∑
η=±
× dζ
(
Ωyζ
∂Eηζ
∂ky
+Ωzζ
∂Eηζ
∂kz
)
∂fFD(E
η
ζ )
∂Eηζ
. (47)
This indicates that only the electron states at the Fermi
level contribute to αCMEneq . When µ is not far away from
the Weyl nodes, this allows us to calculate αCMEneq by
replacing the parameters in the regularized continuum
model with those of the original Weyl model. That is,
we can set ∆R = v(kz − k0), ∆L = v(−kz − k0),
ΓR = −ΓL = b0, and Λ = 0 in calculating Eq. (47).
We thus find that
αCMEneq =
e2
3π2
b0, (48)
which is equivalent to the result reported in Ref. 24. This
is also consistent with the result of Refs. 23 and 25 based
on a lattice model.
4. Energy Cutoff in the Weyl Model
In this section, we examine whether the original Weyl
model can properly describe the CME. As emphasized in
Sect. 3, the vanishing of αCMEstat is guaranteed by the con-
servation law of the Berry curvature in reciprocal space.
5
J. Phys. Soc. Jpn.
Since the Weyl model conserves the Berry curvature at
an arbitrary E, it should give the correct result if the
unbounded linear spectrum is appropriately regularized.
We examine this within an energy cutoff procedure.22)
Let us start with Eq. (29) since Eq. (30) is not simply
justified for the Weyl model. If the energy cutoff at E =
−Ec is straightforwardly applied to Eq. (29), it plays
no role since the first term represents the contribution
from the Fermi level and the second term disappears as
∂Γζ/∂kz = 0. Consequently, Eq. (29) gives the incorrect
result
αCMEstat
?
= −
e2
2π2
b0. (49)
This puzzling feature can be resolved by performing the
energy cutoff procedure in a careful manner.
An energy cutoff is naturally introduced into an anal-
ysis in the form of the distribution function of electrons.
In our analysis, the energy cutoff at E = −Ec is fully
taken into account by replacing the Fermi–Dirac func-
tion fFD(E
η
ζ ) with
f˜FD(E
η
ζ ) = fFD(E
η
ζ )θ(E
η
ζ + Ec), (50)
just after the Matsubara summation is performed in
Eq. (19). Accordingly, ∂fFD(E
η
ζ )/∂E
η
ζ in Eq. (29) should
be replaced with
∂f˜FD(E
η
ζ )
∂Eηζ
= −δ(Eηζ ) + δ(E
η
ζ + Ec). (51)
The second term induces a correction at the cutoff en-
ergy, which is relevant in the system with an unbounded
energy spectrum. Consequently, Eq. (29) is modified to
αCMEstat = e
2
∫
d3k
(2π)3
∑
ζ=R,L
∑
η=±
dζΩζ · ∇kE
η
ζ
×
[
δ(Eηζ )− δ(E
η
ζ + Ec)
]
, (52)
where the irrelevant term with ∂Γζ/∂kz is ignored. The
correction (i.e., the second term in the square brackets)
cannot be captured in an ordinary cutoff procedure. The
above expression is rewritten as
αCMEstat = e
2
∫
d3k
(2π)3
∑
η=±
[
ηv3
2dR0
[δ(EηR0)− δ(E
η
R0 + Ec)]
−
ηv3
2dL0
[δ(EηL0)− δ(E
η
L0 + Ec)]
]
(53)
with EηR0 = b0 − µ + ηdR0 and E
η
L0 = −b0 − µ + ηdL0,
where
dR0 = v
√
k2x + k
2
y + (kz − k0)
2, (54)
dL0 = v
√
k2x + k
2
y + (−kz − k0)
2. (55)
We readily find that αCMEstat = 0. This indicates that the
Weyl model properly describes the CME if an energy cut-
off is appropriately taken into account. Note that the en-
ergy cutoff gives the correction equivalent to the anomaly
contribution,
αCMEstat,an =
e2
2π2
b0, (56)
arising from the ultraviolet limit.24) That is, the energy
cutoff plays the same role as the regularization scheme
of Ref. 24 proposed on the basis of a quantum anomaly
in relativistic field theory.39)
Under the energy cutoff, Eq. (30) is justified for the
Weyl model as the surface term cS completely vanishes.
Note that the term equivalent to Eq. (30) has been
derived in a semiclassical theory.15–17) Our argument
microscopically justifies the semiclassical derivation of
Eq. (30) based on the Weyl model.
5. Summary
We proposed a regularized continuum model that can
describe the anomalous electromagnetic response of a
Weyl semimetal [i.e., anomalous Hall effect (AHE) and
chiral magnetic effect (CME)] in a unified manner. Con-
sidering the analysis based on this model, we show that
the original Weyl model can properly describe the CME
if an energy cutoff procedure is applied in a careful man-
ner, although it fails to describe the AHE without in-
cluding the mass terms with σzΛ.
To properly describe the anomalous electromagnetic
response, a continuummodel with a pair of energy valleys
should satisfy two requirements. Concerning the AHE,
the model must satisfy the requirement that a winding
number defined in each valley takes an integer and the
sum of the winding numbers for two valleys is identi-
fied with the Chern number. The regularized continuum
model satisfies this requirement owing to the presence
of the mass terms, whereas the Weyl model does not
satisfy it. Concerning the CME, the requirement is that
the Berry curvature is conserved in reciprocal space, in
addition to the convergence of integration over k. Sev-
eral parameters of the regularized continuum model are
adjusted to satisfy this requirement. Contrastingly, the
Weyl model automatically satisfies this, although the un-
bounded spectrum should be regularized for convergence.
It is shown that the Weyl model can properly describe
the CME if an energy cutoff procedure is appropriately
applied.
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